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THE CALCULATION OF FLOW I N  A PLANE LAVAL NOZZLE 

NASA TT F-10,494 

Y a .  I. Alikhashkin,  A. P. Favorskiy, P. I. Chushkin 

A method of c a l c u l a t i o n  i s  presented  f o r  a p o t e n t i a l  
uniform flow of a p e r f e c t  gas in  t h e  subsonic  and t r anson ic  
p a r t  of a p l ane  symmetrical Lava1 nozz le  w i t h  a given form 
of contour.  

L e t  u s  examine t h e  c a l c u l a t i o n  of p o t e n t i a l  uniform flow of a p e r f e c t  /1130* 
gas  i n  t h e  subsonic  and t r anson ic  p a r t  of a p lane  symmetrical.Lava1 nozz le  wi th  
a given form of contour.  
z l e  ex tends  t o  i n f i n i t y  and that  t h e  w a l l s  of the nozz le  are e i t h e r  p a r a l l e l  o r  
d ive rge  a t  a c e r t a i n  angle .  

We w i l l  assume t h a t  t h e  subsonic  p o r t i o n  of t h e  noz- 

L e t  u s  s tudy such a case where, under a c e r t a i n  expansion of gas  through 
t h e  nozz le  a long t h e  e n t i r e  narrowest (c r i t i ca l )  c ross -sec t ion  of t h e  nozz le ,  
son ic  v e l o c i t i e s  are a t t a i n e d ;  corresponding va lues  of divergence and t h e  form 
of t h e  s o n i c  l i n e  are determined i n  t h e  r e s u l t  of t h e  c a l c u l a t i o n .  For t h e  
s o l u t i o n  of t h i s  problem w e  w i l l  apply the numerical  method of i n t e g r a l  rela- 
t i o n s  [l], w i t h  t h e  h e l p  of which a whole series of two-dimensional problems i n  
gas  dynamics w a s  e f f e c t i v e l y  solved [2] .  The s o l u t i o n  of the c u r r e n t  problem 
under t h e  f i r s t  approximation of t h e  method of i n t e g r a l  r e l a t i o n s  w a s  found 
earlier ( s e e  [2 ] ) .  The s o l u t i o n  i n  t h e  general case is  g iven  below and examples 
are c i t e d  of c a l c u l a t i o n s  under t h e  f i r s t  and second approximations.  

L e t  u s  in t roduce  t h e  o r i g i n  of a Car tes ian  coord ina te  system x ,y  i n  t h e  
cr i t ical  s e c t i o n  of t h e  nozz le  on i t s  ax i s ,  whi le  w e  o r i e n t  t h e  x axis i n  t h e  
d i r e c t i o n  of flow. I n  view of t h e  symmetry of t h e  nozz le ,  i t  is  s u f f i c i e n t  t o  
i n v e s t i g a t e  only i t s  upper ha l f  (y  3 0).  

A s  t h e  b a s i c  equat ions  of t h e  problem, l e t  us t ake  t h e  equat ions  of Chaply- 
g i n  

The v e l o c i t y  p o t e n t i a l 9  and t h e  stream func t ion  $ act  h e r e  as t h e  independent 
v a r i a b l e s ,  whi le  t h e  dependent v a r i a b l e s  are t h e  v e l o c i t y  modulus V and 8 its/ll31 
ang le  of i n c l i n a t i o n  t o  t h e  a x i s  of t h e  nozzle.  L e t  u s  make u s e  of dimension- 
less u n i t s ,  r e l a t i n g  t h e  v e l o c i t y  t o  the  maximum a d i a b a t i c  v e l o c i t y  and t h e  
d e n s i t y  t o  t h e  s t a g n a t i o n  dens i ty .  Then, it i s  obvious t h a t  a2 = (d- l ) / @ + l ) ,  

*Eumbers i n  t h e  margin i n d i c a t e  pagina t ion  of t h e  o r i g i n a l  f o r e i g n  t e x t .  
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where a* is  t h e  c r i t i ca l  v e l o c i t y  of sound a n d x i s  t h e  index of t h e  a d i a b a t i c  
curve. I n  equat ions (l), F and f are defined by t h e  v e l o c i t y  func t ions  

For t h e  v a l u e  of = 1 . 4 ,  w e  have 

f' = P/V, p = ( I  - pp. F' (1 - 6V')/Vp%, 

The r eg ion  of flow w i l l  be  represented as a zone, bounded by s t r e a m 3 i n e s  
$ = 0 ( a x i s )  and $ = $ 

I n v e s t i g a t i n g  t h e  a r b i t r a r y  N - t h  approximation i n  t h e  method of i n t e g r a l  rela- 
t i o n s ,  l e t  us  d i v i d e  t h i s  reg ion  i n t o  N equal s t r i p s  w i t h  t h e  h e l p  of t h e  sys- 
t e m  of s t r eamz l ines  IJJ = qn = n/N, n = 0, 1, . . . , N. 

va lues  of a l l  t h e  func t ions  on t h e  s t reamzl ine  $ = + by t h e  index n; then  t h e  n 
index N w i l l  correspond t o  t h e  w a l l  of the nozzle .  L e t  u s  i n t e g r a t e  equat ions  
(1) w i t h  r e s p e c t  t o  $ from $ 

N. 

(nozzle  w a l l ) ,  i n  which w e  s h a l l  assume t h a t  QN = 1. N 

W e  w i l l  de s igna te  t h e  

= 0 t o  each s t r eamz l ine  $ = $n, n = 1, 2,  ...., 
0 

A s  a r e s u l t ,  w e  w i l l  a r r i v e  a t  a system of 2 N  independent i n t e g r a l  r e l a t i o n s  

The func t ions  F and+, appearing under t h e  
mined by approximation through i n t e r p o l a t i o n  by 
p o i n t s  of i n t e r p o l a t i o n  on t h e  stream:lines $ = 

f o r  t h e s e  func t ions ,  l e t  u s  w r i t e  

where 

2 

N N 

i n t e g r a l  s i g n ,  w i l l  b e  de t e r -  
polynomials a long $ from base  

'n . With t h e  he lp  of symmetry 
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are t h e  index c o e f f i c i e n t s .  Then t h e  i n t e g r a l  re- 2n, k and b2n-l, k i n  which a 

l a t i o n s  (2) w i l l  be  reduced t o  an approximation system of 2N ord inary  d i f f e r e n t i -  
a l  equa t ions  i n  Cp. 

The equat ion  of t h e  nozz le  contour w i l l  be  given i n  t h e  form @ = e N ( , ) ,  

where s is  t h e  dimensionless l eng th  of the arc measured from t h e  c r i t i ca l  sec- 
t i o n  a long  t h e  contour of t h e  nozz le  i n  the d i r e c t i o n  of flow. From t h e  in-  
dependent v a r i a b l e 9  i n  t h e  approximational system, i t  i s  more convenient t o  
change t o  the v a r i a b l e  s, keeping i n  mind t h e  r e l a t i o n  dq/ds = VN. 

The approximational  system of ordinary d i f f e r e n t i a l  equat ions  is  d i v i s i b l e  
i n t o  two subsystems, which are found from t h e  f i r s t  and second groups of i n t e -  
g r a l  r e l a t i o n s  and comprise correspondingly,  t h e  d e r i v a t i v e s  dVn/ds, n = 0,  1, 

and den/ds,  n = l’, 2 ,..., N. 
N, / I n s o f a r  as w and x i n  expressions (3) s t and  f o r  linear combina- 2n 2n-1 ....., 

t i o n s ,  correspondingly,  t h e  va lues  of F 

s i d e r a t i o n ,  as w e l l  as t h e  d e r i v a t i v e s  dVn/ds and den/ds,  w i l l  enter l i n e a r l y  

i n  t h e s e  subsystems, and t h e  aforementioned can b e  w r i t t e n  as fol lows:  

a n d e  on t h e  stream-lines - under con- n n 

where A 

Kotes f o r  t h e  i n t e g r a l s ,  c a l c u l a b l e  i n  r e l a t i o n  t o  t h e  i n t e r p o l a t i o n a l  polynomi- 
als ( 3 ) .  

are t h e  numerical  va lues  of t h e  genera l ized  c o e f f i c i e n t s  of /1132 nk’ Bnk 

Subsystem (5) i s  resolved i n  r e l a t i o n  t o  t h e  d e r i v a t i v e s  and g ives  

k=O 

where t h e  Cnk are t h e  numerical  c o e f f i c i e n t s .  

S ince  the*N(s) are given, t h e  i d e n t i t y  (7) becomes t h e  f i n a l  r e l a t i o n -  

3 
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equation : 

Differentiating (7) along s, we will get, closing the subsystem ( 4 ) ,  the 

Now solving ( 4 )  and (8), we will get 

In this manner, differential equations ( 6 )  and (9) represent the solution 
of the approximating system for determination of the velocities V and the 

angles of inclination* on the streamzlines $ = n 
integrated on an electronic computer. 

n . This system is numerically 'n 

The determinants A and An, appearing in (9), can be written without dif- 

ficulty in the general form for the N-th approximation and are expressed through 

FA, f:, VN, eN, d%/ds and d 9,/ds . 
2n,k' b2n-l,k9 'nk ents a 

N = 1 we have a 
-C = -2. For N = 2 ,  the corresponding coefficients are given in the table. 

2 2 Let us find the values of the coeffici- 

for the first and second approximations. For 

= a  20 21 - - bll = 1, A10 = 2 / 3 ,  All = 1/3, Cl0 = = 0 ,  aO0 = -a 01 
11 

Investigations show that in the N-th approximation, the determinant A be- 
comes zero N times in the transonic region of the nozzle under the conditions 
of attainment of sonic velocities on the streamElines N of singular moving sad- 
dle points. The appearance of such singular points (9) is determined by the 
fact that in the scheme of solution under discussion there appears a supersonic 
(hyperbolic) region, where it is impossible to fix normal boundary conditions. 
The requirements of regularity of solution in these singular points is compris- 
ed in the fact that, in each of them, for example, there must be 
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AN = 0 when A = 0 (10) 

by v i r t u e  of which then,  au tomat ica l ly ,  a l l  t h e  o t h e r  A = 0. The i n d e f i n i t i v e -  

n e s s  of d e r i v a t i v e s  dV /ds  a t  t h e  s ingu la r  p o i n t s  is  determined i n  (9) by t h e  

u s u a l  method. 

n 

n 

The i n f i n i t e l y  d i s t a n t  p o i n t  (s -+ - m) a l s o  appears  as a s i n g u l a r  po in t  of 
t h e  approximating system. Here i t  is  necessary t o  s a t i s f y  s p e c i f i c  cond i t ions ,  
f o r  example, f o r  a nozz le  wi th  p a r a l l e l  walls when s -+ - - i t  i s  necessary  that 
a l l  t h e e n  + 0 and a l l  t h e  Vn + Vm, where Vm is  t h e  sought f o r  va lue  of velo- 

c i t y  of a uniform flow a t  t h e  en t r ance  of t h e  nozzle .  

I n  t h i s  manner, f o r  t h e  approximational system of equat ions ,  (6) and (9) 
have p l a c e  f o r  a boundary problem which can be  solved by a choice  of e i t h e r  of 
two d i f f e r e n t  methods: 

1) i n t e g r a t i n g  t h i s  system i n  t h e  d i r e c t i o n  from s = - - toward s i n g u l a r  
p o i n t s  i n  t h e  t r a n s o n i c  region;  

2) i n t e g r a t i n g  t h e  system from one of t h e s e  s i n g u l a r  p o i n t s  t o  s = - m /1133 
and t o  t h e  o t h e r  s i n g u l a r  po in t s .  

It t u r n s  out  t h a t  a t  i n f i n i t y  t h e  approximational system has  N a r b i t r a r y  
parameters  ( i n  t h e  approximation N = 1, one a r b i t r a r y  parameter -- t h e  magni- 
t u d e  of gas  expansion through t h e  nozzle ,  i .e.,  f o r  a nozz le  w i t h  p a r a l l e l  w a l l s  
a t  i n f i n i t y ,  simply t h e  value of V,). 

of t h e  system proceeds from i n f i n i t y ,  t hese  N parameters  are s e l e c t e d  i n  such a 
way as t o  s a t i s f y  t h e  condi r ions  (10) a t  N s i n g u l a r  po in t s .  This  means that 
h e r e  i t  is necessary t o  s o l v e  a boundary problem of N-th order .  

I n  t h e  f i r s t  case, when the i n t e g r a t i o n  

I n  t h e  second case, numerical  i n t e g r a t i o n  starts a t  any s i n g u l a r  p o i n t ,  
where t h r e e  end condi t ions  (7) and (10) allow us  t o  express  any t h r e e  quant i -  
ties, f o r  example, t h e  coord ina te  s (i.e.,*N) and two v e l o c i t i e s .  

i n g  2N-2 sought  f o r  q u a n t i t i e s  are picked up through N-1 condi t ions  of r e g u l a r i -  
t y  a t  t h e  rest of t h e  s i n g u l a r  p o i n t s  and through N-1  condi t ions  a t  i n f i n i t y .  
Consequently, i n  t h i s  case, i t  becomes necessary t o  s o l v e  a boundary problem 
w i t h  2N-2 condi t ions .  When N = 1 and N = 2,  t h i s  r o u t e  f o r  s o l u t i o n  t u r n s  o u t  
t o  be  more convenient t h a t  t h e  f i r s t  method; when N = 1, w e  simply come up wi th  
t h e  problem of Cauchy and a l l  t h e  flows a r e  contained i n  t h e  r e s u l t  of only t h e  
s i n g l e f o l d  i n t e g r a b l e  system of equat ions ( 6 )  and (9).  

The remain- 

In t h e  p r a c t i c a l  r e s o l u t i o n  of the c a l c u l a t i o n s ,  i n s t e a d  of s = - m we in -  
v e s t i g a t e  any s u f f i c i e n t l y  l a r g e  negat ive va lue  of s*, during which w e  u t i l i z e  
an  asymptot ic  s o l u t i o n  of t h e  approximating system. 
cond i t ions  a t  i n f i n i t y  can be  rep laced  by t h e  requirement t h a t  t h e  s o l u t i o n  re- 
s u l t i n g  from t h e  method of i n t e g r a l  r e l a t i o n s  s a t i s f i e s ,  under t h i s  v a l u e  of s*, 

The s a t i s f a c t i o n  of t h e  
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t h e  l i n e a r i z e d  equat ion  of P r a n d t l  (as was done i n  [3 ] ) .  

L e t  u s  a l s o  no te  t h a t  a f t e r  t h e  determinat ion of t h e  r e s u l t ,  w e  can, us ing  
formulas (3) ,  cons t ruc t  a v e l o c i t y  f i e l d  and, s p e c i f i c a l l y ,  t h e  s o n i c  l i ne  and 
c h a r a c t e r i s t i c  bounding t h e  reg ion  of in f luence .  
t h e  supersonic  reg ion  of t he  nozz le  is expedient ly  c a r r i e d  out by t h e  method of 
c h a r a c t e r i s t i c s  [ 4 ]  under t h e  given condi t ions ,  ob ta ined  by t h e  method of i n t e -  
g r a l  r e l a t i o n s  on c e r t a i n  supersonic  l i n e s ,  p = cons t ,  l y i n g  immediately beyond 
t h e  reg ion  of in f luence .  

The c a l c u l a t i o n  of f low i n  

A s  an i l l u s t r a t i o n  of t h e  descr ibed  method, t h e  flow i n  t h e  subsonic  and 
t r a n s o n i c  p a r t s  of a nozzle  w e r e  worked out ;  t h e  given equat ion  is  

6, i a eh ba 1 cha br. 

For va lues  r ep resen t ing  t h e  parameters a = 0.75 and b = 0.125, t h e  c a l c u l a t i o n s  
w e r e  c a r r i e d  o u t  f o r  t h e  f i r s t  and second approximations.  
c a l c u l a t i o n  are shown i n  Figure 1, which shows t h e  change i n  t h e  v e l o c i t y  

The r e s u l t s  of t h e  
/1134 
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Figure  1. Figure  2. 

a long t h e  a x i s ,  V and along t h e  w a l l ,  VN, of t h e  nozz le  depending on t h e  po- 

t e n t i a l 9 .  
curves  t o  N = 2; t h e  va lue  ? =  0 corresponds t o  t h e  c r i t i ca l  s e c t i o n  of t h e  noz- 
z l e .  

t e r i z e  t h e  geometry of t he  nozzle .  
proximation N 

0’  
Here t h e  continuous curves correspond t o  N = 1, and the  d o t t e d  

The very  s a m e  i l l u s t r a t i o n  shows a curve  r e l a t i n g  eN and 9, which charac- 

A s  can b e  seen,  i n  t h i s  case even t h e  ap- 
1 g ives  good accuracy. 

With t h e  f i r s t  approximation, t h e  flow was  c a l c u l a t e d  f o r  a series of noz- 
z l e s  w i t h  va r ious  geometries (a = 0.75, b = 0.125, 0.25, 0.375). For t h e s e  
nozz les ,  F igu re  2 g ives  t h e  der ived  veloci t ies  V (dot ted  and s t roked  l i n e )  and 

6 
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Figure 3. 

V ( s o l i d  l i n e ) ,  wh i l e  F igure  3 g ives  t h e  form of t h e  son ic  l i n e  (dot ted) .  1 

I n  conclusion,  l e t  us no te  t h a t  t h e  given method may be extended t o  t h e  
case of an axisymmetric nozz le ,  where an  analogous scheme of s o l u t i o n  is  adopt- 
ed, bu t  t h e  func t ions  F , e ,  and a l s o  y are approximated i n  s t e p s  of &. Be- 
s i d e s  t h i s ,  t h e  system ( 4 )  - (5) al lows independent cons t ruc t ion  of t h e  w a l l  
of t h e  nozz le  f o r  a given d i s t r i b u t i o n  of v e l o c i t i e s  along i t s  a x i s ;  neverthe-  
less, i t  i s  more convenient h e r e  t o  use  a d i f f e r e n t  method of s o l u t i o n .  

To e d i t i n g  on June 22,  1963. 
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